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The spectral element method takes advantage of the high-order precision of the
spectral methods and the geometrical flexibility of the finite element methods. It
becomes one of the most popular methods in numerically solving PDE problems.
However it is known that the computational cost of the spectral element method
is higher than other lower order methods when the number of grid points is same.
Therefore there is a need for the development of fast solvers of the spectral element
method.
This paper consists of four parts. In the first part, we attempt to provide a detailed
discussion on the temporal discretizations of the Navier-Stokes equations currently
employed in the computation of incompressible flows. Especially, we will introduce a
simple PN × PN method with no need to use staggered grid. The method is based on
the projection schemes, together with a PN → PN−2 post-filtering. Numerical tests
show that this PN × PN method removes the numerical pressure oscillations by the
traditional PN × PN projection methods when very small time steps are used.
The second part of this paper contributes to construct a new fast solver based on
the Schur complement algorithm to solve both velocity and pressure systems within
the frame of PN × PN spectral element spatial discretization. We will provide a more
comprehensive description of the Schur complement method by using nodal basis,
and suggest an implementation strategy to reduce the computational cost. In this
description, the Schur complement system, involving the interface unknowns, is written
as a sum of the local (elemental) Schur complement systems, which stem from the
local problems with Neumann boundary conditions. The implementation strategy we
suggest consists of
- in 2D case, saving the local Schur complement matrices for use of matrix-vector
products when an iterative method such as conjugate gradient method is applied.
- in 3D case, using a reduced expression of the Schur complement system to
evaluate the matrix-vector products if there are deformed macro-elements.
A detailed comparison in terms of computational and storage cost is carried out















Moreover, we propose a fast diagonalization method (FDM) to solve the local
subproblems. Precisely, we propose efficient preconditioners for the individual local
subproblems defined in non-rectangular domain, and these preconditioners are con-
structed by applying FDM to appropriate elliptic problems defined in the reference
rectangular domain.
In the third part we apply the above methods, together with a new LES model,
to the large eddy simulations of 3D turbulence. The new LES model is the so-called
spectral vanishing viscosity model, which is based on the original NS equations and is
easy to implement without significant increase of the computational cost. We simulate
the lid-driven cubic cavity flows at Reynolds number Re = 12000, the results show a
good agreement with existing experimental and DNS results found in the literature.
Thanks to the fast solver developed in this paper, we are able to carry out the above
simulation on a personal computer.
In the fourth part, we consider the approximation of acoustic wave propagation
problems by the Newmark schema in time and spectral element method in space.
Some detailed stability and error estimates are obtained. From these results, the
spectral accuracy and influences of the non-homogeneous boundary data are made
evident. Several numerical examples are provided to confirm the theoretical analysis.
The advantage of the present method is demonstrated by a numerical comparison
with the finite element method.










































σ = −pI + τ,











[Eu− σu + q] · ndS =
∫
Ω
ρf · udΩ, (1-1d)










+∇ · (ρu) = 0, (1-2a)
∂(ρu)
∂t






















+u ·∇ρ = 0，由质量方程的微分形式(1-2a)立
即得到：
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